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1. Introduction

In the era of globalization, the development of the business world is getting higher, marked by the
emergence of many new MSMEs. MSMEs stand for Micro, Small and Medium Enterprises. Basically,
MSMEs are a business or business carried out by individuals, groups, and small business entities, as
well as households. MSMEs have long been the backbone of the economy in many countries,
including Indonesia. MSMEs have an important role in creating jobs, driving economic growth, and
improving people's welfare (Vinatra, 2023). Therefore, many MSMEs have emerged and developed
in Indonesia, one of which is in the culinary/food sector. Naziza Potato Donut MSMEs are one of the

MSMEs engaged in the culinary sector. These MSMEs have been running and developing for 3 years.

With the number of MSMEs, the demands faced by MSME owners are getting higher which causes
competition to be fiercer and more competitive in the business world (Manambing et al., 2018). The
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same is the case faced by Naziza’s Potato Donut MSMEs. Naziza’s Potato Donut MSMEs must do
various ways to survive, one of which is by improving services. The service that can be done is to
tulfill product orders on time and in appropriate quantities. Thus, the hope of MSME:s is to increase
the profits of these MSMEs.

Naziza's Potato Donut Production activities are related to the effectiveness of the use of time and
the amount of labor. Based on these problems, Algebra Max-Plus is expected to be a way to optimize
production time in the Naziza’s Potato Donut production system, so that production time can be

used effectively and efficiently.

Related to this problem, the Max-Plus Algebra theory is one of the theoretical studies that can be
used for modeling, analysis, and control in production systems. The main reason for using Algebra
Max-Plus is because of its ease in completing the synchronization process. Max-Plus Algebra
Synchronization has several advantages in optimizing production systems. In addition, Algebra

Max-Plus has also been used well for modeling and analyzing algebraically.

Based on the description above, the author is interested in studying the optimization of the
production system of Naziza’s Potato Donut MSMEs which uses the Max-Plus Linear Algebra
System. In this study, data on the process of making potato donuts and the time was used. So the
results of this research are in the form of an optimal schedule of the production process of Naziza's

potato donuts.

2. Methods

A semiring (S, +,X) is an empty set S equipped with two binary operations + and X, which fulfills
the following axiom (Rudhito, M.A, 2020) :

i.  (S,+)is a commutative semigroup with a neutral element 0, i.e. Va,b,c € S :
(@a+b)+c=a+(b+c),
at+b=b+a,
at+0=a @
ii. (8,x) is a semigroup with a unit element of 1,i.e. Va,b,c € S :
(axb)xc=ax(bxc),
axl=1xa=a (2)

iii. =~ The neutral element 0 is the absorbent element of the operation, namely
X,Va€gS:
ax0=0xa=0 (3)
iv.  Operation X operations on + , i.e. Va,b,c € S :
(@a+b)xc=(axc)+ (bxoc),

ax(b+c)=(@xb)+ (axc). 4)
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Given with R, := R U {€} with R is the set of all real numbers and ¢::= —co. On R; is defined the

following operation.
a ®b:=max(a,b)anda ®b:=a+b.,Va,b € R, (5)
Suppose 2 @ 1 :=max (2,1) and —3®4 :=-3+4=-1.

(R:,D,® ) is a semiring with a neutral element ¢ = —c0 and a unit element e = 0, because for each

a,b,c € R, applies :

1. a & b=max(a,b) =max(b,a) =b D a,

. (a @ b) & c = max(max(a, b),c) = max (a, b, c) = max (a, max(b,c)) =a® (b D ¢),

3. @®b)Qc=((a+b)+c=a+b+c)=a@ b QRc),
a®e=a+0=a=0+a=eQaq,

4. a@e=a+(—0)=—-0=(—0)+a=¢Qa.

5. (a® b)®c =max(a,b) +c=max(a+c,b+c)=(a®b) D (b Qc)
a®@®bBc)=a+max(b,c)=(@a+b,a+c)=(@@b) D (a® c).

Algebra Max-Plus denoted by R, being defined as R,,, = RU {—o0}, where R is a set of real
numbers and is accompanied by two binary operations @ i.e. the maximum operation and & is a

regular sum operation (Carnia et al., 2023).

Invariant Time Max-Plus Linear System

The Max-Plus Time Invariant Linear System can be expressed by the following equation:

xk+1)=ARx(k)OBR®uk+1)
y(k) =C®x(k), (6)

for k = 1,2,3,... , with the initial condition x(0) = Xo, A € R%,,, B € RIX®, and C € R, The vector
x(k) € RY,,, expresses the state, u(k) € R%,, is the input vector, and y(k) € RL ., is the output vector
of the system at the time k.

SLMI as in the above definition will be briefly written with SLMI (A, B, C) and written with SLMI
(A, B, C,xy), if the initial condition x(0) = X, is given, SLMI with one input and one output will be
called SLMI SISO. Whereas SLMI with more than one input and more than one output will be called
SLMI MIMO.

Time-Invariant Max-Plus Linear System Input-Output Analysis

If the initial condition and an SLMI input-output line . If the initial condition and an SLMI input-
output line . If the initial condition and an input row are given for an SLMI(A, B, C, X,), then a system

state vector row and a system output row can be recursively determined .

Suppose the initial condition x(0) = [0,1,]” of the system means that the processing unit P; and P,
consecutively start its activity at time 0 and 1 while the processing unit P; is still empty and has to

wait for the arrival of input from P; and P,. The raw material is entered the system at the time
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0,9,12,24 and so on which means given an input line, u(1) = 0,u(2) = 9,u(3) = 12,u(4) = 24 and
so on, with u(k) < u(k + 1) for k = 1,2,3, ... each recursively defined line vector of the following

state:

5 ¢ ¢ 0 2
x(1)=A®x(0)@B®u(1)=[g 6 5®[1]69[0]®0
11 12 3 £ 8
5
Joly-|

“[e)eli -1

(101 [117 [11T
x2)=AQx(1)®BRu) =|13|®|9|=[13
[19] 117/ [19]
[16]  [141 [16]
x3)=ARxQ2)®BRu3)=[19|d |12| =19
251 20 [25.
211 [26] [26]
x(4)=AQRx(3)PBQRQu(4) =|25|® |24|=|25|, and so on.
31] 1321 [32]

Then the system output line is obtained as follows by using y(k) = x3(k) + 3;y(1) = 16,y(2) =
22,y(3) = 28,y(4) = 35, and so on which means the product will be able to be retrieved at time
16,22,28,35 and so on.

3. Results and Discussion

Based on the results of interviews and questionnaires about the production of potato donuts, it

is known that the process and time for the production of Naziza potato donuts are known as the

following table:
Table 1. Production Time of Naziza’s Potato Donuts
No Code Process Time (minutes)
1 ty Preparation of boiled potatoes 5
2 Py Potatoes in Boill 20
3 t, Preparation of containers for dough 1
Pour flour and sugar into the flour
4 P, ) 3
container
5 t3 Preparation for mashing potatoes 2
6 P; Mashed potatoes 5
Preparation of yeast to add flour
7 ty 1
dough
8 P, Add yeast to flour dough 1
Transfer of the already finely cooked
9 ts 2

potatoes into the container
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Preparation of flour dough to add the

10 t already smooth potatoes 2

11 P Add the potatoes to the flour mixture 2
preparation of ingredients for putting

12 t; . 1
into potato dough

13 p Add egg yolks, milk, margarine, salt to 3

6 the potato batter

14 tg Preparation of stirring potato dough 2

15 P, Stir the potato dough 20
Transfer of potato dough from

16 to . 4
container to paperwork
Divide the potato dough into rounds

17 Ps then cover until fluffy 60
preparation of dough to be shaped

1 1

8 to into a donut shape 0

19 Py Shape.the d.ough !lke adonut and 60
cover it again until fluffy

20 t11 Preparing a pan for frying donuts 3

21 Pio Fried Donuts 20

22 t12 Preparing toppings for donuts 5

23 Piq Donuts Adorable Top 17

The Potato Donut  production system has eleven process wunits, which
Py, Py, P3, Py, Ps, Pg, P;, Pg, P, Py dan P;; have the corresponding time interval in Table 1. In the Potato
Donut production system, the raw materials are divided into two processes, namely the process of
boiling potatoes and making dough. Based on the results of the research, the production system of

Potato Donuts can be presented in the following chart:

Journal of Applied Mathematics and Modelling, 2025, 1, 2 114



First author’s last name et al. Running title (consist of 3-5 words)

dl=2[] d3=5
;=3 dy =1 g P
t2=1 t“,:. tﬁ=2 t?=l
F. P,
Ps d.,5=3
‘l tg = 2
p, | d7=20
W t9=4
P, |dg =60
t,o =10
k14
p, | ds=60
tia=5
N
dy =17
Pll 11
(k)

Figure 1. Potato Donut’s Production Modeling Chart
Description:
P; = process i,i=1,2,3,4,....... J11
t; = Preparation of the first process from the previous process

d; = time used for P;

Modeling of the Max-Plus Time Invariant (SLMI) Algebraic Linear System of Potato Donut

Production

This potato donut’s production system consists of 11 processing units, which
Py, Py, P3, Py, Ps, Pg, P;, Pg, Py, P1g dan Py; processing time (every minutes) are successively. A unit of
time (minutes) is given d; =20,d, =3,d3=15,d,=1,d5=2,dg =3,d; =20, dg =60,dg =
60, dio = 25,d,; = 17.

It is assumed that each processing unit starts working with an available raw material. Difined :
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e u(k+1) : The time when raw materials are fed into the system for processing

ke-(k + 1)
o x;(k) : The time when the i-i processing unit starts working for processing ke — k
o y(k) : The time when the completed production leaves the system.
o A : The time of the ongoing potato donut production process.
e B : Transfer time from the beginning of the raw material entry into the system

Production before the first event
e C : Final event time and transfer time before donut production potatoes can be

picked up or finished working.

So that from the production chart using the Max-Plus Algebra operation , the following is obtained:
x,(k + 1) = maks (20 + x,(k),5 + ulk + 1))
x,(k + 1) = maks (3 + x,(k), 1 + u(k + 1))
x3(k +1) = maks (42+x,(k),5 + x3(k), 27 + u(k + 1))
x4(k + 1) = maks(7 + x,(k), 1 + x4(k), 5 + u(k + 1))
x5(k + 1) = maks (49 + x1(k),10 + x,(k), 12 + x3(k), 4 + x4(k), 2 + x5(k),34 + u(k + 1))
x¢(k +1) = maks(52 + x1(k), 13 + x5 (k), 15 + x3(k), 7 + x,(k),5 + x5(k), 3 + x¢(k),37 + u(k + 1)
x7(k +1) = maks(57 + x;(k), 18 + x,(k),20 + x3(k), 12 + x4(k), 10 + x5(k),
8 + x4 (k),20+x,(k),42 + u(k + 1))
xg(k + 1) = maks (81 + x;,(k), 42 + x,(k), 44 + x5(k),36 + x4 (k), 34 + x5(k), 32 + x4 (k),
44 + x,(k),60+xg(k), 66 + u(k + 1))
Xg(k + 1) = maks(151 + x;(k), 112 + x,(k), 114 + x3(k), 106 + x,(k),
104 + x5(k), 102 + x¢(k), 114 + x5 (k), 130 + xg(k), 60 + x9(k),
136 + u(k + 1))
x19(k + 1) = maks(214+x, (k), 175 + x,(k), 177 + x3(k), 169 + x,(k),
167 + x5(k), 165 + x4 (k), 177 + %, (k), 193 + xg(k),
123 + x9(k), 25 + x10(k), 199 + u(k + 1))
x11(k + 1) = maks (244 + x4, (k), 205 + x,(k), 207 + x3(k), 199 + x,(k),
197 + x5(k), 195 + x4(k), 207 + x,(k), 223 + x5(k),

153 4+ x9(k), 55 + x19(k), 17 + x11(k), 229 + u(k + 1)) (7)

Equations (7) can we write into the Max-Plus Linear Algebra system
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x(k+1) = AQx(k)®BQu(k + 1),

y(k) = CQx(k)

with
[ x4, (k) T x(k+1)
x5 (k) x,(k+ 1)
x3(k) x3(k + 1)
x4 (k) x4 (k+ 1)
x5 (k) xs(k + 1)
x(k)=x(k) |, x(k+1) =|xs(k+1)
x5 (k) x7(k + 1)
xg (k) xg(k + 1)
xq(k) x9(k + 1)
x10(k) x0(k +1)
L5 (k) x11(k + 1)
r 20 £ £ £ & £ £ £
£ 3 £ £ £ £ £ £
42 & 5 & £ £ £ £
£ 7 £ 1 £ £ £ £
49 10 12 4 2 £ & £
A=|52 13 15 7 5 3 £ £
57 18 20 12 10 8 20 £
81 42 44 36 34 32 44 60
151 112 114 106 104 102 114 130
214 175 177 169 167 165 177 193
1244 205 207 199 197 195 207 223
-5 -
1
27
5
34
B=|37|,C=[¢ € ¢ ¢ € € ¢ ¢ ¢ ¢
42
66
136
199
1229

M m M M m M om

60
123
153

17]

U1 N M M om
o™ M MM m M

=y
I\]mmmmmmmmm(\?
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(8)

The initial conditions are given as follows x(0) = [0 lececeeceee |7 and

input lines u = [0 20 40 60 80 100 120 140 160 180 200]”.

SLMI Input - Output Analysis in Optimizing The Production Time of Potato Donuts

Based on the calculation of the input and output time of the potato donut production process is

presented in Table 2 as follows:
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Table 2. Calculation of input state time and output process length Naziza potato donut production

U(k) 1 2 3 4 5 6 7
X4 20 40 60 80 100 120 140
X, 4 7 10 13 16 19 21
X3 42 62 82 102 122 142 162
X4 8 11 14 17 20 23 26
X 49 69 89 109 129 149 169
X 52 72 92 112 132 152 172
X7 57 77 97 117 137 157 177
Xg 81 141 201 261 321 381 441
Xq 151 211 271 331 391 451 511

X10 214 274 334 394 454 514 574
X11 244 304 364 424 484 544 604

y(k) 261 321 381 441 501 561 621

The time obtained to maximize production in a day is approximately 9 hours (540 minutes) with
working time starting from 08.00-17.00 WIB presented in Table 4.1.1 with a production completion
time of 540 minutes shows that in a day the potato donut business can only do a few productions
due to time constraints and this also means that the number of potato donuts that can be ordered is

limited in quantity. The following is a periodic schedule of potato donut production time:

Table 3. Periodic Schedule of Production Time of Naziza’'s Potato Donuts

Stages of making Potato Production Sequence
Donuts
1 2 3 4 5 6
Boiled Potatoes 08.05 08.25 0845 09.10 0925 09.45

Pour flour and sugar into a
08.06 08.09 08.12 08.15 08.18 08.21

container
mashed potatoes 08.27 08.47 09.07 09.27 09.47  10.07
Add yeast to flour dough 08.10 08.13 08.16 08.19 0822  08.25

Mix the potatoes into the 08.33 08.54 09.14 0934 0854 10.14
flour mixture

Add egg yolks, milk,

margarine, salt to the 08.36 08.57 09.17 09.37 09.57 10.17
potato mixture

Stir in the potato dough 08.41 08.62 09.22 0942 10.02 10.22

Journal of Applied Mathematics and Modelling, 2025, 1, 2 118



First author’s last name et al.

Running title (consist of 3-5 words)

Stir the dough into a round

shape then cover until 09.05 09.26 11.26 1226 13.26 14.26
flufty

Shape the dough like a

donut and cover again 10.15 10.36 1136 1236 1336 14.36
until fluffy

Fried Donuts 11.18 12.39 1339 1439 1540 16.40
Donuts Adorable Top 11.48 13.09 14.09 1509 16.09 17.10
Donut intake 12.26 13.26 1426 1526 1626 17.26

The output results above with the input time required when the material is entered to be processed
from the time of the first production to the 5th production, which meets for its daily activities within
the predetermined working time from 08.00-17.00 WIB, namely in Table 4.3.2, it shows that when
the production of Potato Donuts is carried out optimally and continuously, the daily results of potato

donuts can reach optimal production 5th.

Naziza Potato Donut’s owner can determine the optimal time to start production of potato donuts
in order to meet the demand of consumers who have placed orders for potato donuts before the
production process begins. This problem can be solved by using Max-Plus algebra optimization. By

determining the optimal pick-up time, it is determined using the following formula :

y=K ® xo@OHQuU (9)
with
c®4 C®B £ . g
®2
K= C®:A and H = C®‘?®B C?B '..'.' 5 ‘
C R A®? CRA" " ®B CQRA®" " QB C®B

From the results of the Matlab calculations, it was obtained that:
y = [306; 366; 426; 486; 546; 606; 666; 726; 786; 846;906].

Then producers can determine the optimal time (largest sub-finish) to start production activities

using the formula : @ = H'®(—y),

y=HQ1l,
i 1@l
u—u®2,
y = H®1i,

where:

0l = Fastest time to start production.
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¥ = Fastest production finish time.

i = longest time to start production.

¥ =longest production finish time.

The output value is obtained from the Matlab calculation which can be seen as below:
2l = [60; 120; 180; 240; 300; 360; 420; 480; 540; 600; 660]”.

9 = [306;366; 426; 486; 546; 606; 666; 726; 786; 846;906]".

i = [63;123;183; 243;303; 363; 423; 483; 543; 603; 663]” .

7 = [309;369; 429; 489; 549; 609; 669; 729; 789; 849; 909]7 .

This calculation makes it easier for producers to determine the optimal time to start the potato donut
production process. This u and i are the largest sub-completion as well as optimal time in the
production system. u and i are used to determine the periodic production schedule so that the time
from starting to insert the material until the time of picking up the product within a period of one
day (WIB) can be seen in Table 4.

Table 4. Naziza’'s Potato Donut Order Schedule

Order to- @ @ (@ 62
1 08.00 13.06 08.03 13.09
2 09.00 14.06 09.03 14.09
3 10.00 15.06 10.03 15.09
4 11.00 16.06 11.03 16.09
5 12.00 17.06 12.03 17.09
6 13.00 18.06 13.03 18.09

The optimal time for producers to start the production process from Table 4 for the first order is by
choosing ii because by starting production at 08.00 then consumers who have ordered potato donuts
can take their order at 13.06 or later. From this, the producer can serve consumers on time by using
the table as a reference to start production. In addition, producers can also fulfill orders 2 and 3 on
time by choosing i as the optimal time (largest sub-finish). The fifth production and so on cannot be
used as a reference because it has passed the working time in the reference because it has passed the
working time in production, namely 08.00-17.00 WIB. The scheduling that is carried out as shown
in Table 4 is a scheduling used by producers to optimize input time (entering ingredients) and
output time (completing production time) so that the table can be used as one of the references to
start production of potato donuts can be optimized so that potato donut’s orders for consumers can

be served on time.
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4. Conclusion

From this study, the Linear Method Max-Plus Time Invariant one Input one Output (SLMI SISO) in

the potato donut’s production system can be concluded that :

1.

The modeling of the Max-Plus Time Invariant (SLMI) Algebraic Linear System of Naziza potato

donut production is as follows:

20 £ £ £ £ £ £ £ £ £ £
£ 3 £ £ £ £ £ £ £ £ £
42 £ 5 £ £ £ £ £ £ £ £
£ 7 £ 1 £ £ & £ £ £ €
49 10 12 4 2 £ £ £ £ £ £

A=]52 13 15 7 5 3 I3 £ £ -
57 18 20 12 10 8 20 £ £ £ £
81 42 44 36 34 32 44 60 £ £ £
151 112 114 106 104 102 114 130 60 ¢ ¢
214 175 177 169 167 165 177 193 123 25 ¢
1244 205 207 199 197 195 207 223 153 55 17
N
1
27
5
34

B=|37| ,C=[¢ ¢ € € ¢ ¢ ¢ € ¢ & 17]
42
66
136
199
1229

The initial conditions are given as follows: x(0) = [0leccecececee |7

and input lines u = [0 20 40 60 80 100 120 140 160 180 200]".

2. There are 2 ways to optimize the production time of potato donuts with the Max-Plus Linear

System Method Invariant Time (SLMI), namely for producers to determine the production start
time by choosing between 1i or ii so that completion time of the product y or y that is close to
the order pick-up time that has been determined by the consumer. So, producers can choose
or @i (SLMI's largest sub-settlement in this production system) in order to optimize the

production time of potato donuts so that production results can meet consumer demand and

potato donut orders can also be served on time.
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